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The Discriminant of an Equation
The condition of absence of singular points in terms of ay, a», as, as, as

The discriminant of a Weierstraf3 equation over any field K is

Dg = — (—a?a3a4 — 8a arasas — 16aa5aza, + 3682 a5ay
— aia; — 8atapa; — 16a5a; + 96a1asd; + 64a5+
aSas + 12atapas + 488 a5as + 64adas — 36a5azas
—144a1aya385 — 728 asap — 288a,a485 + 43245

Note
E is non singular if and only if Dg # 0



The Weierstral3 equation

After a suitable affine transformation we can assume that E/K has a
Special Weierstral3 equation:

Example (Classification)

E p=charK | Dg
y>=x>+Ax+B >5 —16(4A° + 278?)
or=0
Y2 +xy = x3 + axx? + ag 2 az
Y2 + a3y = X° + asX + ag 2 as
y2=x3+Ax?>+Bx+ C 3 —16(4A3C — A2B? — 18ABC + 483 + 27C?)

Definition (An elliptic curve is a non singular Weierstra3 equation (i.e. Dg # 0))

Note: If p > 3, D # 0 < x® + Ax? + Bx + C has no double root




Formulas for Addition on E (Summary)

E:y?+aiXy +asy = X° + aX? + ayX + @ JP
1

= (X1, 1), P2 = (X2, y2) € E(K) \ {c0},
Addition Laws for the sum of affine points

> IfP #P
Pi +g P> = 00
. X| = Xo N 1+ P2 )
> X1 # X2
)\_Y2—}/1 Z/_Y1X2—}/2X1
Xo — Xq Xo — X4
> IfP =P
Pi+g P =2P; =
> 2yi+aixi+a3=0 = 17E"2 ! J

> 2y1+a1x1+a3;=’0
)\ 3x2 +2apx1 + a4 — a1 Y1 asyr + X3 — agxy — 2as
= vV =—
2y1 +a1X + as ’ 21+ a1 X1 +as

Then

P; +EP2=()\2—31)\—32—X1 —Xg,—AS—a$A+(A+a1)(32+X1+X2)—33—V)J

v




Formulas for Addition on E (Summary for special equation)

E:y?=x*+Ax+B

Addition Laws for the sum of affine points

JP1 = (X1, %), P2 = (X2, y2) € E(K

Pi +g Po = o0
I 1+E P2

)\ {oo},

_NXe — yaX

Xo — Xq

N P1 +EP2=2P1=

—AX1 - 2B

> IfP AP
> X1 # X2
_ Y= )
Xo — Xq
> IfP =P
» y1=0
» 1 #0
3&+A x3
A= V=~
2y
Then

2y

P1 +E P2 = ()\2 — X1 — Xo, —)\3 + )\(X1 +X2) — I/)




Fact 1: the number of Fq—isomorphism classes of elliptic curves over Fq
is

q
Fact 2: the number of IF,—isomorphism classes of elliptic curves over F

iS
2q+3+<_4> +2<_3>
q q

q 2q+3+(‘74)+2(‘73)
2 5
3 8
5 12
7 18




Theorem (Hasse)

Let E be an elliptic curve over the finite field F,. Then the order of E(IFy)
satisfies

g+ 1 —#E(Fq)| <2V/q.

So #E(F,) € [(/G — 1)?,(,/q + 1)?] the Hasse interval I,

Example (Hasse Intervals)

q Iq

2 | {1,2,3,4,5]

3 {1, 2,3,4,5,6,7}

4 {1,2,3,4,5,6,7,8,9}

5 {2,3,4,5,6,7,8,9,10}

7 | {3,4,5,6,7,8,9,10,11, 12, 13}

8 | {4.5.6.7.8.9.10,11,12,13, 14}

9 | {4,56,7,8,9,10,11,12,13,14, 15, 16}

11 | {6,7,8,9,10,11,12,13,14,15,16,17,18}

13 {7,8,9,10,11,12,13,14,15,16,17,18,19,20, 21}

16 | {9,10,11,12,13,14, 15,16, 17, 18, 19, 20, 21, 22, 23, 25}
17 | {10,11,12,13,14,15,16,17,18,19, 20, 21, 22, 23, 24, 25, 26}




Example (Hasse Intervals)

q Zq

2 | {1,2,3,4,5]

3 {1,2,3,4,5,6,7}

4 {1,2,3,4,5,6,7,8,9}

5] {2,3,4,5,6,7,8,9,10}

7 | {3,4,5,6,7,8,9,10, 11,12, 13}

8 {4,5,6,7,8,9,10,11,12,13, 14}

9 | {4,5,6,7,8,9,10,11,12,13, 14, 15, 16}

11 | {6,7,8,9,10,11,12,13, 14,15, 16, 17, 18}

13 | {7,8,9,10,11,12,13,14,15,16,17,18,19,20,21}

16 | {9,10,11,12,13,14, 15,16, 17, 18,19, 20, 21, 22, 23, 25}

17 | {10,11,12,13,14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26}

19 | {12,13,14,15,16,17,18,19,20, 21,22, 23, 24, 25, 26, 27,28}

23 | {15,16,17,18,19,20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33}

25 | {16,17,18,19,20,21,22,23, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36}

27 | {18,19,20,21, 22,23, 24,25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38}

29 | {20,21,22,23,24,25,26,27,28, 29,30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40}

31 | {21,22,23,24,25,26,27,28,29, 30,31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43}
32 | {22,283,24,25,26,27,28,29,30,31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43,44}




EXAMPLE: Elliptic curves over F»

Groups of points of curves over F»

E E(IF2) E(IF>)
Y2+ xy =x3+x%+1 {00, (0,1)} Co
y2+Xy=X3+1 { 7( a1)7(1 0)7( 71)} C4
y2+y=x3+x {00, (0,0),(0,1),(1,0),(1,1)} | Cs
y2+y=x3+x+1 oo} 1
y2+y=X3 {007(070)7(071)} CB

Note: each C;,i=1,...,5is represented by a curve /F»



EXAMPLE: Elliptic curves over F3

Groups of points of curves over F3

E;

y2=x3+x

V2= —x

y2=X3_X+1 {OO,(0,1),(0,2)

yP=x3—x—1

y2=x3+x% — 1

Y2 =x3+x% +1 {oo

y2

O N OO OB~ W N =~

=x3 —x%+1 {0

Y2 =x3 X2 1

Co




EXAMPLE: Elliptic curves over Fs
(12 E/Fs) (2 < #E(Fs) <10, 8 values) Vne {2,3,5,7,10}31E/Fs : #E(Fs) = C,

Example (Curves with #E(Fs) € {4,6,8,9})

» Eyiy?=x3+1and B :y?=x3+2 order 6
{;:zjgy l E1 =r,s B2 (J(E1) = j(E2) = 0)
» Ea:y?=x3+xand E;: y? = x3 + x +2 order 4

Es3(Fs) = Co® Co (j(Es) =1728 =3)  Eu(Fs) = Cq4 (j(E4) = 1)
» Es:y?=x3+4xand Eg: y? = x5 + 4x + 1 order 8
Es(F5) = C2 @ C4 (j(Es) =3)  Es(Fs) = Cg (j(Ee) = 1)

» E7:y2=x3+x+1  order 9 and E;(Fs) ¥ Cy (j(E7) = 2)



Group Structure

Theorem (Classification of finite abelian groups)

If G is abelian and finite, 3y, . .., nk € N> such that
1. n1|n2|---\nk
2. G=Cp, @ Cp,
Furthermore ny, ..., ng (Group Structure) are unique

Theorem (Structure Theorem for Elliptic curves over a finite field)

Let E/FFq be an elliptic curve, then
E(Fy) = Ch® Cok  3nk e N°O.

(i.e. E(Fq) is either cyclic (n = 1) or the product of 2 cyclic groups)



The j-invariant

Let E/K : y? = x3 + Ax + B, p > 5 and Dg := 4A% + 27B2.

Definition
4A°

The j—invariant of E is j = j(E) = 1728 ;2 55

Definition

Let u € K*. The elliptic curve E, : y? = x3 + u?Ax + u°Bis called the twist
of E by u



The j-invariant (2)

Properties of j—invariants
1. j(E) = j(E,),Yu € K*
2. (E'/K)=j(E"/K) = Jue K st E'=E,
j#0,1728 = E 1 y2 = X3 + 5l—x + 2=, J(E) =]
j=0 = E:y?2=x3+B, j=1728 = E:y?=x3+ Ax
Jj: K «+— {K—affinely equivalent classes of E/K}.
p = 2, 3 different definition
E and E, are F¢[,/u]—affinely equivalent
#E(Fpe) = #E,(Fg2)
usually #E(Fq) # #E,,(Fg)

© o N Ok W




Determining points of order 2
Let P = (X1,y1) € E(Fq) \ {00}7
Phasorder2 < 2P=00 <— P=-P
So

—P =04, —aixi—a—y1)=(x1,)1) = P = 2y1 = —a1xy — a3 |

Ifp#2,canassume E: y? = x3+ Ax> + Bx+ C
—P=(x1,—y1)=(X1, 1) =P = y1 =0,x+Ax?2+Bx; +C =0

Note

» the number of points of order 2 in E(IF;) equals the number of roots
of X3+ Ax2 + Bx + Cin I

» roots are distinct since discriminant Dg # 0



Determining points of order 2 (continues)

Definition
2—torsion points
E[2] = {P € E(Fg) : 2P = c}.

FACTS:

Ca Co if,O>2
E[2] =< C ifp=2E:y?+xy=x°+asx+ag
{00} ifp=2E:y?+asy=x3+ax?+ag




Determining points of order 3

Let P = (x1,)1) € E(Fq)
Phasorder3 <= 3P=c0 < 2P=—-P |

So,ifp>3and E:y?=x?>+Ax+B

2P = (xzp, Yap) = 2(x1, 1) = (A2 — 21, — X% + 2\, — v)where ) = S*A , - X—Au_28 |
P has order 3 <= Xxop = \2 — 2x1 = Xq ]

Substituting A,

Xop—Xq =

—3x{ —6AXZ—12Bx1+A® _ 0
4(x3+Ax;+4B) -




Determining points of order 3

Note (Conclusions)

» 3(x) == 3x* + 6Ax2 + 12Bx — A? called the 3' division polynomial
(x1,y1) € E(Fg) has order 3 = 13(xy) =0

E(F4) has at most 8 points of order 3

If p+#3, E[3] := {P € E(Fq) : 3P = 00} ¥ C3 & C;

If p=3, E:y?=x3+Ax?+Bx+ C and P = (xy, y;) has order 3, then

1. Ax}+AC—-B?>=0
2. E[3] = C3if A#0 and E[3] = {oc} otherwise

v

v

v

v



Determining points of order 3 (continues)
FACTS:

C:aCs ifp#3
E[3] = { C5 ifp=3,E:y>?=x3+Ax?+Bx+C,A#0
{oo} ifp=3,E:y?=x3+Bx+C

Example: inequivalent curves /F; with #E(F7) = 9.

E 3 (X) E[3] N E(F7) EF7) =| j
yP=x"+2 x(x + 1)(x +2)(x +4) [{c0, (0, £3), (-1, £1), (5, £1),(8,£1)} [Cs ® C3| 0
Y2 =x3+3x+2 | (x+2)(x° + 5x% + 3x + 2) {0, (5, £3)} Co 3
Y2 =xT+5x+2 | (x+4)(x° +3x% +5x + 2) {0, (3, £3)} Co 3
YZ2=xC+6x+2 | (x+1)(x°+6x% +6x +2) {0, (6,%3)} Co 3
Note

Let E:y?=x3+3x+2and E': y? = x®+5x +2. Then E’' =y, E. They
are twists but not Fz—isomorphic



Determining points of order 3 (continues)

One count the number of inequivalent E/F, with #E(Fq) = r

Example (A curve over Fy = Fp(€),£2 = €+ 1; E:y?+y=x%
We know E(F2) = {0, (0,0),(0,1)} C E(Fy).
E(F4) = {0, (0,0),(0,1),(1,8),(1,£+1),(£,6), (£, 6+ 1), (§+1,8),(E+1,E£+ 1)}
Pa(X)=x* +x = x(X+ DX +E)(Xx+E+1) = E(F4) = C3® Cs

)




Determining points of order (dividing) m
Definition (m—torsion point)

Let E/K and let K an algebraic closure of K.

E[m]={P e E(K): mP=co} |

Theorem (Structure of Torsion Points)
Let E/K and m € N. If p = char(K) { m,
E[m] = Cyn @ Cny ]

lfm=p'm ptm,
Em=Cne Cyn or E[m = Cw @ Cm/J

ordinary if E[p] & Cp

E/Fp is called
/o {supersingular if E[p] = {0}



Group Structure of E(F)

Corollary

Let E/Fq. 3n, k € N are such that

E(Fg) ¥ Cn® Crk

Proof.

From classification Theorem of finite abelian group
E(Fq) = Cp, © Cp, @ -+ @ Cp,
with nj|nj,4 for i > 1.
Hence E(IF) contains nj points of order dividing ny. From Structure of
Torsion Theorem, #E[n] < n?. Sor < 2



The division polynomials

Definition (Division Polynomials of E : y? = x3 + Ax + B (p > 3))

o =0

g =1

o =2y

3 =3x* + 6AX% + 12Bx — A?

s =4y (x® + 5Ax* + 20Bx® — 5A%x® — 4ABx — 8B% — A)

Yomit =Pme2t0d — Ym_193 4 form> 2

Yom = <Z;) (meo¥B_1 — Ym_2¥?,y) form>3

The polynomial v, € Z[x, y] is called the m" division polynomial



The division polynomials 2

FACTS:
> Yome1 €Z[X]  and  vom € 2yZ[X]
. {y(mx;’”z—“)/z +---) if miseven
mx(m =12 4 ... if mis odd.

2
> w,2n=m2xm_1+...




Remark.

» E2m+ 1]\ {0} = {(X,y) eE( K) : Yome1(x) =0}
» E[2m]\ E[2] = {(x,y) € E(K) : y~"¢2m(x) = 0}

Example
ha(x) = 2y(x® + 5AX* + 20Bx® — 5A2x% — 4BAx — A — 8B?)

P5(x) = 5x'2 + 62Ax'0 + 380Bx° — 1054%x8 + 240BAx” + (—300A% — 2408%) x® — 696BA%X® + <7125A4 = 192032A) x*
+ (—SOBAs - 160053) X3+ <750A5 - 24052A2) X2 4 (—1OOBA4 - 64OB3A) X+ (A6 _ 328243 _ 25634)

pe(X) = 2y(6x'® + 144Ax"* 1 1344Bx"3 — 7284%x"2 + ( 2576A3 — 537682> x'0 — 9152BA%X9 + (—1884A“ = 3974432A) x8
+ (15368A3 - 4454433) X7 (—2576A5 - 537652A2) X8 + (—67208A4 - 3225683A) x5

+ ( 72848 — 80648243 — 107523“) x4+ (—3584BA5 - 2508883A2> X3+ (144A7 _ 3072B2A% — 2764BB4A) x2

+ (192BA8 512834°% — 1228885) X+ (GA8 +1928245 + 10243“A2))



Theorem (E : Y? = X3 + AX + B elliptic curve, P = (x,y) € E)

m(x, y) = <X— Vm-1Vms1 Yom(X J’)) _ ((bm(X) wm(X,y)>

Ua(x) T 20m(X) Ua(X) vin(x. )

where

Om = X¢m Ymi1¥m-1,wm = YmeVin 14y¢m 2¢m+1J




FACTS:
> Om(X) =X+ dm(X)? = mPXT T € ZIX]
> womst € YZ[X], wom € Z[X]

> Sl € yL(x)

> 9Cd(U7,(X), Om(x)) = 1
> E2m+1]\ {oo} = {(x,y) € E(K) : Y2m.1(x) = 0}
» E[2m]\ E[2] = {(x,y) € E(K) : y~"¢am(x )= 0}




Theorem (Waterhouse)

Letg=p"andletN=qg+1 — a.
JE/Fq s.t#E(Fq) = N & |a| < 2,/q and
one of the following is satisfied:

(i) ged(a,p) = 1;

(ii) n even and one of the following is satisfied:
1. a=+2,/q;
2. p#1 (mod 3), anda==+,/q;
3. p#£1 (mod 4), and a=0;

(i) nis odd, and one of the following is satisfied:
1. p=2or3, and a=+p™"/2;
2. a=0.



N. g not prime:)

Example (q prime VN € Iy, 3E /Fq, #E(Fg)

ac
{-4,-8,-2,-1,0,1,2,3,4}

{757 74’ 737_27 7150»1’2’37475}

{*67 757 *47 *37 727 *17071a2a3747576}

4 =22

8=23
9=32
16
25
27

2*/{-8,-7,-6, -5, -4, -3,-2, -1,0,1,2,3,4,
GBI =0, =CL =G, =7, =6, =5, =dL, =% =72 —

3|{-10,-9, -8, ~7,-6, -5, —4,-3, -2, — 1,

25|{-11,-10, -9, -8, ~7,-6, =5,-4, —3,-2, —

32 =




Theorem (Ruck)

Suppose N is a possible order of an elliptic curve /Fq, q = p". Write

N=p°mny, ptmny and ny | ne (possibly ny =1).
There exists E/F s.t.

E(Fg) = Cn, @ Cpype
if and only if

1. ny = no in the case (ii). 1 of Waterhouse’s Theorem;
2. ni|q — 1 in all other cases of Waterhouse’s Theorem.



Example

» If g=p?" and #E(Fq) = g+ 1+£2,/g = (0" & 1), then
E(Fq) = Cp”:H D Cp”:l:1-
» Let N=100and q =101 = 3E4, Ep, E3, E4/F01 S.t.
E1(F101) = C1o ® C1o Ex(F101) = C2 @ Cso
E3(Fi01) = Cs ® Cp  Ea(F101) = Cioo
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